Abstract. The EPS scheme of constructive axiomatics for the spacetime geometry leads to a Weyl structure. Torsion cannot be introduced by this method but will be obtained in the following by enlarging the axiomatics. If spacetime geometry is what prescribes the respective trajectories to the light rays and freely falling particles, and the propagation to the spin of these particles, then spacetime is a manifold with a Weyl-Cartan structure with a totally antisymmetric contorsion. If one combines the non-operational demand for a unified geometrical description of all three types of physical propagation processes into one universal affine geometry, then spacetime reduces to a Weyl-Cartan space with a totally antisymmetric contorsion.
Introduction
There is one very simple way to introduce the geometrical structure of spacetime. It is sufficient to postulate that the mathematical model of the physical spacetime is a pseudo-Riemannian manifold. The disadvantages of basing such an approach on a mathematical axiom which contains an abstract structural constraint are obvious. The physical and epistemological basis, the heuristical motivation and the possibility of empirically testing such an axiom remain hidden. It is unclear why it should be physically plausible to assume this mathematical structure.
Opposed to such a procedure are attempts which provide a physical and operational basis for the constraint mentioned above. The aim is to relate all the various structures contained in the constraint to physical experiences. These structures are discovered through these experiences. Such an approach where, for example, the structure of spacetime is a derived concept, constructed with the help of geometry-free axioms for elementary processes, is called constructive axiomaticst.
In this spirit Ehlers et al (EPS) proposed in [3, 4] a constructive axiomatics for the spacetime geometry which is based on the following scheme. Discover and describe by means of the behaviour of selected physical systems (called primitive objects) in particular physical effects (taken as basic experiences) the geometrical structure of spacetime. These structures are those which are necessary and sufficient for the realisability of the basic experiences.
The primitive objects of the EPS scheme are events M, light rays 2 and freely falling particles Pf. There are three basic experiences: (i) the universality of light propagation and the fact that light rays allow the introduction of a radar coordinate system and of light cones; (ii) the universality of the free fall and the fact that the law of inertia holds infinitesimally; (iii) the fact that a massive freely falling particle, though always slower than the photon, can be made to chase a photon arbitrarily close. (i) implies that M is a differentiable manifold with a conformal structure. (ii) leads to a projective structure, and the compatibility (iii) of both structures implies that the manifold has a Weyl structure. This leads us to the following result regarding the EPS spacetime: if spacetime geometry is what prescribes to light rays and freely fallirig particles their respective trajectories, then this EPS spacetime is a manifold with a Weyl structure. How the final step to a Riemann space can be obtained as a necessary consequence of quantum mechanics has been described in [6] (cf also [7] ). In Weyl and Riemann space the connection is symmetric. With the primitive objects used above, it is impossible to endow the manifold with torsion.
Whether torsion will ever play a role in the experimentally verified part of general relativity is an open question. At present there is no experimental evidence for torsion. Nevertheless, in the framework of the PoincarC gauge theory of gravity [ 8 , 9 ] , and in the context of supergravity, torsion is naturally obtained as a geometric field. In the light of the related extensive investigationst it seems to be a reasonable question to ask how the EPS scheme can be supplemented in such a way that the resulting spacetime contains torsion. Before discussing a possible answer, we briefly repeat the basic properties of Weyl space on the one hand and of a manifold with a Weyl structure on the other.
Weyl space and Weyl structure
A Weyl space is a differentiable manifold with a metrical structure, which is related to a unique connection, a Weyl gauge structure and a Lorentzian structure which allows the introduction of spinors. For further details see [6, 7] .
The Weyl gauge structure is related to the fact that in Weyl space scalar and tensor fields are subject to Weyl transformations:
T ( x ) + T ' ( x ) = ew(7).4(x)T ( x 1. The metric g, by which a metrical structure is introduced, is of non-trivial Weyl type w ( g ) = 1. Accordingly, there is not a unique metric as in Riemann space but a whole equivalence class g + g' = e"(*)g. The metric g and the two potentials a and rw are correlated by the demand
with the Christoffel symbol {iv}. Greek indices will be raised and lowered with g"'
Finally, one may introduce as Lorentzian structure at each point four orthogonal and g a p .
vectors of equal length e, ( a = 0,1,2,3) and Weyl type w ( e , ) = -4
g ( e a , eb) = T a b (2.5) where
tetrads is a Lorentz transformation ( LamLbnTmn = T a b )
The transition between such ortho-(2.6)
We will raise and lower Latin indices with T *~ and T a b .
In consequence of the EPS axioms, the light rays are null-like Weyl autoparallels. The world lines of freely falling particles Pf are timelike Weyl autoparallels x " ( A ) . With regard to a parametrisation A and a related tangent vector 1) e: + e? = Labe;.
this means where the dot denotes the derivative with regard to the parameter A which is based on the Weyl directional derivative DT according to
For scalars of Weyl type zero, the dot reduces to the partial derivative a/aA.
In the EPS scheme, spacetime is explored by means of particles following timelike and null-like autoparallels. If one restricts to these primitive objects, the manifold can only be endowed with an equivalence class of connections = wiYh iqUA = rFVA + g , p , , + s [ ,~~~) (2.10) with arbitrary p y and S[lrvlA. We call this a manifold with a Weyl structure. It is in our terminology not to be mistaken for a Weyl space, because there is no way to single out operationally, by physical experiments based on equations of the type (2.8), one particular connection (for example rFvA) of the class (2.10). In addition to the Weyl transformations there is still the freedom to reparametrise the curves x a ( A ) (projective transformations). The appearance of p y in (2.10) is related to this. Accordingly, the step from the Weyl structure of the EPS scheme to a Weyl space with a uniquely determined torsion tensor SrpVlA (which will be called a Weyl-Cartan space) needs additional specifications. The intermediate concept of a Weyl-Cartan structure will be specified below.
A new primitive object and the related basic experience
The EPS scheme demonstrates that a constructive axiomatics of spacetime geometry based on light rays and freely falling particles endows the spacetime manifold only with a symmetric connection. This reflects the well known fact that torsion cannot be explored by observing only these primitive objects. In the following we will demonstrate how the EPS scheme can be further completed by additional constructive axioms, which will imply that spacetime becomes a Weyl space with torsion (Weyl-Cartan space). To do so, we have to introduce a new primitive object and a related new basic experience.
To introduce this new primitive object, we assume that there exist free particles with spin PfY. These are particular point-like freely falling, of course stable, particles which carry a polarisation direction n, called the spin. For this internal structure we demand axiom SF, the Frenkel condition [12] , to be fulfilled: the spin lies in the particle's rest space g(n, U ) = 0.
(3.1)
Without restriction we may assume the spin vector n to be normalised according to so that w ( n m )
Because we are only supplementing the EPS scheme, we are forced to use only notions which can be established in a Weyl structure when discussing the new basic experience. The angle between two vectors is of Weyl type zero and can, therefore, be measured directly. An analyser for the spin polarisation is a device which is capable of measuring in its rest space the angles between the spin and three particular orthogonal spacelike directions e;, 6 = 1,2,3. It can be represented by an orthotetrad e,, where e, lies tangential to the analyser's world line. The three measured angles n; = -g( n, e;) w(n;) = 0 (3.3a) (3.36) will be called the measured polarisation of the spin. A co-moving analyser with same 4-velocity eo but different 3-directions e,-will be regarded as a different analyser. We introduce an analyser field e , ( x ) in the neighbourhood N ( E ) of an event E. The analyser field eh(x), which is obtained from e,(x) according to (2.6) by a constant boost and 3-rotation
is called a Lorentz-related analyser field. The total class of orthotetrad fields which are Lorentz related to e , ( x ) will be denoted by d [ e , ( x ) ] .
Our basic assumption now is that locally it is always possible to arrange the analysers in N ( E ) with regard to their 4-velocities and 3-orientations in such a way that polarisation measurements done by every analyser of this particular analyser field &(x) confirm the following spin propagation. If the spin of an arbitrary freely falling particle has a polarisation n,-in one point, the same polarisation n; will be measured by all the analysers which it passes when travelling along its world line. In addition, it is assumed to be true that the same experimental result is also obtained in N ( E ) by all Lorentz-related analyser fields e , ( x ) E d [ Z , ( x ) ] . We call these fields the spinadjusted analyser fields. In other words, for a cloud of freely falling particles with spin, the registered polarisations of all spins remain constant while the particles propagate, if they are measured with regard to a particular analyser field & ( x ) or any other Lorentz-related analyser field. The very existence of such a class d [ Z , ( x ) ] of analyser fields, together with the existence of freely falling particles with spin, is the basic experience which we will assume to be realised. This axiom SA, which could also be called an equivalence principle for the spin, means mathematically that we demand in N ( E ) : 3Ca(x) so that (n;)' -n; for v u of PfY ( 3 . 5~) (3.5b) ( 3 . 5 c ) (3.5d) The axioms S, and SA above give an implicit definition of the spin of a free particle. cf § 4. In addition it can be read off that an operational realisation of freely falling particles with spin will require a shielding of influences on the spin, for example, of electromagnetic fields. In the case of no shielding, such an influence would lead to a chargeand mass-dependent spin propagation. In this sense we are concerned with 'free' spins.
Propagation of the spin 4-vector
We want to derive from the observation (3.5) the observer-independent propagation equation for the spin. This can essentially be based on the demand (3.5d ). Equation 
All e , ( x ) E d [ Z a ( x ) ]
lead to the same KaFp. We call this antisymmetric tensor of Weyl type zero the coniorsion. It is completely defined by the Lorentz-related class of spin-adjusted analyser fields. Because of (4.3), the contorsion field is uniquely defined?.
Having endowed our manifold in this way with a contorsion tensor field, K,,, and accordingly with a torsion tensor field SwvA = -KLFLY]A, spacetime has obtained a Weyl-Cartan structure. We call a manifold with a Weyl-Cartan structure a manifold which, in addition to a Weyl structure given by (2.10) , is equipped with a unique contorsion field.
To describe the spin motion, we introduce the Weyl-Cartan connection We remark that, on the other hand, the contorsion introduced above can be fully explored by the observation of the propagation of the spins of freely falling particles. To show this, we first install in a neighbourhood N ( E ) of an event E an analyser field e: by parallel propagation with a Weyl connection Dwe: = 0. This can be performed by means of the Desargues construction [I31 which has a direct operational meaning with regard to the physics in Weyl space. Secondly, we do have a spin-induced analyser field Z, (x) which is operationally obtained by adjusting the analysers in N ( E ) according to the propagations of the spins of a cloud of freely falling particles as described above. Both orthotetrad fields are related according to ;,a(.) = i a b ( x ) e : ( x ) where all angles can be measured. Introducing this into ( 4 . 4~) we obtain in E
( e z a a i , , c ) i m i ,
= K~~~ (4.8) where KabC are the components of the contorsion K with regard to the orthotetrad e, = e , in E. For another measurement of the contorsion see equation (5.5).
w
Structure of the contorsion
Having endowed the manifold with contorsion in using a particular operational procedure, we have to discuss the question whether the complete contorsion tensor K has been introduced this way or only certain components of its irreducible decomposition. The answer to this is based on the study of the conditions (3.5b) and ( 3 . 5~) . The introduced contorsion is of such a structure that, on the one hand, the spin n is propagated parallel to the Weyl connection Ywc while, on the other hand, the particle t One sort of particle with spin can define only one contorsion field. To show this, let us assume that there is a second analyser field $: which is not an element of . d [ P~] . This would lead to a particular contorsion field &,,, for which (4.3) would also be truz. Because of (3.5~) this implies -K,,,)~l~n' = 0 for V n and Vu, which can only be true for K,,, -K,,, = 0. This is also true if u and n are coupled according to the Frenkel condition (3.1).
itself follows an autoparallel (2.8) of the Weyl connection Tw. Because of the krenkel condition, which demands n to be orthogonal to U, these propagations must be compatible, which amounts to a reduction of the structure of the contorsion.
The Frenkel condition (3.1) leads, together with (4.6) and (4.7), to g ( D r c v , n) = O for all n orthogonal to U, so that DTCu -U.
(5.1)
Accordingly, the torsion introduced by the basic experience of 5 3 must allow this as well as (2.8). With (4.5) this can only be the case if
for all U, compare (3.5b). Using (4.4b) and the fact that (5.2) must be true for all timelike U, we obtain that K is totally antisymmetric:
This means that, in geometrising the basic experience above, the manifold can only be endowed with an axial vector of torsion. This leads to the following final result, which generalises the EPS statement of § 1 as follows. If spacetime geometry is what prescribes the respective trajectories to light rays and freely falling particles and the propagation to the spin of these particles, then spacetime has a Weyl-Cartan structure with a totally antisymmetric contorsion. Note that, according to this definition, spacetime influences more than the measurements of space and time only.
To enable a better operational understanding of the details of the basic experience which we have assumed in § 3, we study the consequences of the total antisymmetry Projecting this in cy and E by P; of (A3) we find with (5.3)
cf (AlO), whence we may infer by the results of the appendix that the timelike U congruence is rigid. This means operationally in a Weyl-Cartan structure that the analyser endpoints may only rotate with rotation tensor See the appendix for the respective definitions. This means that an analyser direction points always to the same neighbouring analyser endpoint. In other words, these analyser directions are co-rotating with a rigidly moving field of analyser endpoints.
We may, therefore, imagine the endpoints as well as the directions of our array of spin-adjusted analysers to be fixed to a rigidly moving substrate, the rotation of which, relative to bouncing photons, is determined by the contorsion. The equivalent Lorentzrelated analyser fields of Se [&] are then obtained by a constant boost and rotation of the total rigid array. 'This shows that the basic experience, if it can be made at all (i.e. if torsion exists in nature and is strong enough to be measured) requires only a rather simple arrangement of the analysers.
Reduction of a Weyl-Cartan structure to a Weyl-Cartan space
If in a manifold with Weyl-Cartan structure the equivalence class (2.10) representing its Weyl structure part is reduced to one unique element rF: A of (4.5), we call the resulting spacetime a Weyl-Cartan space. This is a Weyl space which is additionally endowed with a contorsion tensor. In the following we will state a demand, which will lead to such a restriction of the Weyl-Cartan structure obtained above. Accordingly this demand reduces spacetime to a Weyl-Cartan space. Note that the demand has no operational background. It is an epistemological claim for a unified geometrical description of all three types of physical propagation processes by one universal affine geometry (geometrisation) which turns out to be realisable.
Comments
The above completion of the EPS axiomatics has led us to a Weyl-Cartan spacetime. The spacetime with which one would like to end is a Riemann-Cartan space. This final step can easily be done in following the procedure of [ 6 , 7 ] where it is shown for vanishing torsion that the transition from Weyl space to Riemann space is a necessary consequence if the rudiments of quantum mechanics are made a part of the scheme. Quantum mechanics must contain classical mechanics as a limiting case. The selfconsistency requirement that, in Weyl-Cartan space the particle trajectory obtained from quantum mechanics in the classical W K B limit should agree with the postulated trajectories of freely falling particles Pf, leads to the result that the Weyl-Cartan geometry must be restricted to the special case of a Riemann-Cartan geometry.
What are possible candidates for free particles with spin in the sense of axioms SF and SA? The classical angular momentum vector is not a possible realisation of the spin. Because of P f 9 c Pf, the spin is a quantity which must not lose its meaning in the point limit of vanishing extension for constant mass. On the other hand, at least as far as the theoretical realisability is concerned, the class Pf9 is not empty. Dirac theory in Riemann-Cartan space shows that in the extreme classical limit of a W K B approximation (i.e. to order zero in an expansion in h ) the axioms S , and SA are fulfilled in the limit of very small polarised wavepackets [14] .
With the primitive elements characterised above, only an axial vector of torsion can be introduced. This does not mean that a constructive axiomatic approach to the other parts of torsion is impossible, although it seems to be very unlikely to establish such an approach by means of macroscopic objects or in the classical limit of quantum mechanics. Quantum mechanical neutron interference, for example, reacts also only on the axial vector [ 151. Even in the exact Dirac theory obtained by minimally coupling with Ywc in the Lagrangian, only the axial vector of torsion appears in the field equations?.
into a 3-space orthogonal to W ( y " ) leads to the relative position vector r of W ( y A + a y A ) with respect to W ( y " ) with w ( F ) = 0. It is invariant under transformations of parameter A. By (2.9) the relative velocity vector ureI is defined as vre1 = Pr.
('46)
To discuss the operational meaning of these two vectors in a Weyl-Cartan structure, we introduce the Fermi derivative FUa for a vector U in the direction U : Fua = P'( P'a)'+ P( Pa)'.
(A7a)
With regard to the components it may also be written between r and b^ changes according to acu/aA = -6~w~, , .
